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The Girard-Reynolds
[somorphism (2007)



A tale of Two Theorems

Girard’s Representation Theorem
Every function that can be proved total in
second-order Peano arithmetic can be represented in
second-order lambda calculus.

projection : proofs — terms

Reynolds’s Abstraction Theorem
Terms in second-order lambda calculus take
related arguments to related results,
for a suitable notion of logical relation.
embedding : terms — proofs



The Curry-Howard Isomorphism
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Rather than enriching the type systems to match logic,
we 1mpoverish logic to match the type structure.

— Daniel Leilvant



Girard projection
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Reynolds embedding
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Call-by-value 1s dual to
Call-by-name (2003)



Gentzen 1935: Sequent Calculus
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Terms, Coterms, Statements

Term M,N == x| (M,N)|(M)inl|(N)inr| [K]not | (5).«
Coterm K, L == «f [K,L] | fst[K] |snd[L] | not(M) | z.(S)
Statement S.,7° = MeK

Right sequent ['=-O01M:A
Left sequent K:AII'—=06
Center sequent ['ISkoO



Logical rules
r-0IM:A T —=OIN:B
=01 (MN): A& B

&R

K:AI'—=06 L:BIl'—=06
fst|fK]: A& BIT =06 snd[L|: A& BI'—= 06

&L

[—=OI1M:A [=-O0IN:B
=601 (M)nl: AV B = O 1(N)inr: AVEB

VR

K:AIT=0 L:BIT =0
K,L]: AVBIT =0

VL

K:AIl—0 N ['—=01M:A
['—= 061 [Knot: A not(M): A I =06
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Structural rules

IdR IdL
r:A=lz: A a:Al=a: A
['PSkHPO,a: A r: A TSk O
RI LI
[=O01(5).a:A r.(S):AIl—=06

Fr—=OIM:A K:AIA—=A
T ALM o K > O, A

Cut



Call-by-value

Value V.Wo w= | (VW) | (V)inl | (W)inr | [K]not
Term context FE = { M) | (V.{}) | {}inl| ({})inr

(B&) (VW) efst([K] —, VeK
(B&) (VW) esnd[L] —, WelL
(BV) (V)inle [K, L] —, VeK
(BV) (W)inre [K,L] —, WelL
(8- [K]not e not(M) —, MeK
(
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X T @
< <

)
BL) Veux(S) —y S{V/z}
AR) (S).ae K —y  S{K/a}
nl) K —y x.(z e K)
nR) M —y (M ea).«
S) E{M} —y (M ez.(E{x}e[3)).3



Call-by-name

Covalue P,Q == al|PQ]|fst[P]|snd|Q] | not(M)
Coterm context F = [ L K||[P{}] | fst[{}]]|snd[{}]

(BV) (M)inl e [P, Q)] —y, MeP

(BV) (N)inr e [P, Q)] —, NeQ

(&) (M,N)efstiP] —, MeP

(&) (M,N)esnd|lQQ] —, NeQ

(6-) [ K|not enot(M) —, MeK

(BR) (S).cco P —, S{P/a}

(BL) M e x.(S) —,  S{M/z}

(mR) M —, (M ea).a

(nL) K —, x.(ze K)

€  FK) o p(yeFla})asK)



Duality

(X)°
(A& B)°
(AV B)°
(—A)”
(x)° = z°
((M,N))° = [M°,N°]
((M)inl)® = fst[M°]
((N)inr)® = snd[M°]
([K]not)® = not(K°)
((S9).)° = a°.(5°)

(M o K)°




Well-typed programs can’t

be blamed (2009)
(with Robby Findler)

and Amal Ahmed, Jacob Matthews,
Jeremy Siek, and Peter Thiemann



Subtyping

Subtype

Dyn <: Dyn

S'<: S T <: T
S—>T<:8 =T

s implies ¢

{z:B|s}<:{x:B|t}

Positive

S <:* Dyn

S'<:™ S T<*T
SoT<*S =T

s implies ¢

{z:B|s}<t{z:B]|t}

Naive

S <:p Dyn

S <in S T <, T"
S—>T<, 8 =T

s 1mplies

{z:B|s} <, {z:B]|t}

Negative

Dyn<:~ T

S <t 8 T<~T
S—->T<-8->T

{r:B|s} <™ {z:B|t}



ssfp S <:tT
(I'<= S)P s sfp

s sfp S < T
(T'<= S s sfp

ssftp p#q pFq

(T'<= S)4ssfp

The Blame Theorem
Preservation
If s st pand s — t then ¢ st p.

Progress
If s sf pthen s —~ blame p.



The First Tangram Theorem

S <:Tifandonlyif S <:* T'and S <:= T

The Second Tangram Theorem

S <, T'ifandonlyif S <:* T'and 7 <:= S




Conclusion:
The importance ot
being stupid
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